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Local Control Design Methodologies for a
Hierarchic Control Architecture

Jonathan P. How and Steven R. Hall
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Active structures such as smart skins or optical mirrors require high densities of sensors and actuators to
achieve the performance objectives. The problems associated with the design and implementation of controllers
for this type of active structure have previously led to the development of a hierarchic control architecture. The
approach combines a centralized global controller based on aggregate structural information and a distributed
set of residual, or local, controllers in a two-level architecture that removes many of the design and implemen-
tation difficulties. Three decentralized methodologies that are suitable for implementation as local controllers in
the hierarchic architecture are developed and analyzed in this paper. The approaches are distinguished by the
communication constraints imposed during the control design. Consistent with many applications for smart
skins and typical mirror designs, these controllers are developed for structures that exhibit a high degree of
spatial symmetry. The simplest design employs collocated feedback. A second technique constrains the ex-
change of information to be within isolated regions of the structure. The third approach permits communication
between adjacent local controllers. Simulation results from the control of a long beam in bending are used to
compare these local control design methodologies in terms of both the overall performance and implementation

requirements.
Nomenclature n; = number of global modes retained
P,Q = Lyapunov equation solution matrices
A,B,C,D = state-space system matrices 0,.0. = generalized forces
Ai = blocks of a circulant matrix q = finite element model degrees of freedom
= residual interpolation error R,.,R,, = linear quadratic regulator state, control weights

F( »J(1(z) = feedback gain matrices Sg, S = force distribution matrices
hg = number of nodes per finite control element, 1,,T.,T, = interpolation matrices

=n/n, u = control inputs
K.M = finite element model stiffness and mass matrices u, = residual control inputs
my = mass within local region of structure u, = u, after spatial filtering
N = number of subsystems in a circulant model o, = circulant transformation matrix based on I,
n = number of degrees of freedom in condensed an zn X n identity matrix

finite element model b = mode shapes of the global model in the global
n, = number of finite control elements coordinate system
ng = number of global degrees of freedom ¥ = control influence matrix
Mg o = number of degrees of freedom per global node Wl = e2mim/N
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Subscripts
g;r,e = global and residual model, respectively
gg,.,rr = transformed system matrices for M and K
Superscripts
- = circulant transformed representation
H = Hermitian

Introduction

HE objective of eliminating the unwanted vibratory mo-

tion of a structure is recognized as being a particularly
difficult one, in part because of the physical characteristics of
the plant, which are typically large and lightly damped.! These
difficulties are compounded by an increase in the performance
requirements associated with the missions envisioned for many
future spacecraft. For space-based telescopes and interferome-
ters, stringent performance requirements require high control
bandwidths, so that flexible modes have a significant influence
on the objectives.2- It is of interest to note that these phenom-
ena are also a factor in large Earth-based telescopes.’

Structures for optical systems are especially challenging be-
cause meeting the performance objectives to the degree of
spatial resolution typically required demands a large number
of sensors and actuators.®!® An important issue for these
structures is how to design the control architecture to handle
the large amount of information that is available. These so-
called intelligent structures, with many densely packed actua-
tors and sensors, have been made possible by the use of
piezoelectric ceramic and piezopolymer film materials as the
sensing and actuating devices.”!1-14 The feasibility of reliable
real-time parallel-processing computer architectures has been
significantly enhanced by the advances made in the field of
robotic vision.!®

A control architecture designed to handle the difficulties
associated with the control of a space structure with a large
number of sensors and actuators is presented by Hall et al.!¢
The architecture achieves a computationally feasible design by
splitting the regulation effort between two levels of con-
trollers. Reference 16 compares the approach to a variety of
centralized and distributed designs. It is demonstrated that the
multilevel architecture incorporates into one design most of
the benefits (i.e., parallel in nature), but not all of the disad-
vantages (i.e., retention of a large global control authority) of
both the centralized and decentralized schemes. The resulting
hierarchic control architecture compares favorably to the mul-
tilevel designs obtained via the interaction prediction or goal
coordination methods!” because of the significant reduction in
the amount of information transmitted between the different
control levels. Designs based on these two approaches typically
require that all state measurements from each subsystem be
transmitted to a central coordinator. The approach of Ref. 16
only requires that aggregate values of these measurements be
communicated. As will also be seen, in the use of structural
coherency arguments to split the system and aggregate vari-
ables to design the controllers, the hierarchic controller dis-
cussed here is related to Chow’s work in Ref. 18 for power
networks.

Hall et al.'® analyze the control architecture only for the
simplest lower-level control design. The aim of this paper is to
extend the analysis to determine the advantages and disad-
vantages of incorporating more sophisticated (measured by the
amount of information back) local controllers at the lower
level of the architecture. Three approaches that are distin-
guished by the constraints imposed on the allowable exchange
of information are compared. It is to be expected that the more
information available to a controller, the better the achievable
performance and the higher the implementation costs. The
goal here is to quantify this statement and, thus, determine the
tradeoffs between achievable performance and implementa-
tion costs as more sophisticated local controllers are em-
ployed. Implementation costs include both the number of

computations required and the amount of information trans-
ferred between the processors associated with regions of the
structure called finite control elements (FCE).

The following section briefly discusses the hierarchic control
architecture, giving an overview of the approach originally
presented in Ref. 16. The next section provides three local
control designs from How.'? For simplicity in the comparison,
the computational requirements are evaluated for state feed-
back using three types of constraints on the local control de-
sign. The resulting controllers are then applied to a simple
model, and the performance and number of computations
required for each technique are compared. As will be discussed
in the next two sections, for actual implementation, the tech-
niques used here could be developed for dynamic compensa-
tors enforcing, for example, a high-frequency rolloff.

Hierarchic Control Architecture

The control architecture was originally developed by Ward?®
and expanded by Hall et al.'* and How.!® The fundamental
idea behind the control formulation is to develop a parallelism
between the element/global hierarchy of the structural model
and the regional/global hierarchy of the active control.

The motion of a finite-dimensional evaluation model of the
structure can be represented by the degrees of freedom geyy -
The full finite element model (FEM) is then condensed to one
in which the structure is represented by an aggregate of these
degrees of freedom, namely ¢, each of which is associated with
an actuator (and collocated sensor).?! In the case of an intelli-
gent structure, with numerous sensors and actuators, this con-
densation will still yield a fairly accurate structural model. The
structure is subdivided into an appropriate number of FCEs
that are associated with several of the degrees of freedom g.
The coordinates of a coarser model of the structure are located
at the boundaries of the FCEs and represent the degrees of
freedom of the global model g,. The vectors g and g, are
related in Eq. (2) by an interpolation matrix T,.

Figure 1 illustrates the division of control effort in the hier-
archic architecture. The three basic tasks to implement the
global control are 1) the aggregation to reduce g to states of the
global model ¢q,, 2) the computation of the global control
commands Q,, and 3) the distribution of the global control. In
terms of the implementation, it is beneficial to perform the
aggregation and distribution tasks cooperatively at both the
global and local levels.

The regional controllers are most efficiently implemented
when each is associated with an FCE. The local controllers act
on the residual e, the error between the actual measurements
¢, and an interpolation of the local estimates from the global

" states g,. The specific objective of the regional controllers is to

perform inner-loop compensation in order to force the struc-
ture to track the behavior expected by the global model. The
filtering of u, to obtain u, ensures that the global modes are
not excited by the residual control. The total control u applied

Residual
Control Level 1
- (Residual
e Interpolation Controllers)
- Global | Residual o Global —
Control Control Measurement
Distribution Filtering Aggregation
q
% [Gioval &

Control | | avel 2
(Global Controller)

Fig. 1 Division of control functions in a two-level hierarchic con-
troller. The measurement aggregation, control distribution, and resid-
ual filtering tasks are shared between the two levels.
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to the structure is then an addition of the distributed global
control u, and the filtered local control u,.

The condensed dynamics of an undamped structural model
can be written as

MG +Kqg=Yu=¥u,+u,) (1)

To define the global and residual degrees of freedom, the
displacements of the condensed model are written as a sum of
the interpolated displacements of the global model and a vec-
tor of n residuals

q=T,q, te 2)

where g, € R"¢, T, € R"*"¢, and e € R", and similarly for the
velocity degrees of freedom. Minimizing a quadratic func-
tion in e, weighted by the mass M, establishes that the global
degrees of freedom are related to the condensed degrees of
freedom by

g, =(T/MT,) 'T{Mg =T, "q 3

where superscript — L denotes the left pseudoinverse. The
n,=n —n, independent degrees of freedom of e, designated
q,, may be expressed as

e=Tyq, @)

where the matrix T, € R"*" is yet to be determined. Equation
(2) can then be rewritten as

q = qug + Trqr = [Tg Tr] I:qg:l (&)

r

Note that the columns of 7, are not unique and may be deter-
mined by performing a Gram-Schmidt orthogonalization on
any set of n, columns that, when combined with the columns
of T,, form a linearly independent set.

The complete control is a combination of the two inputs
u, and u,, which are physical forces based on the commands
Q. and Q.. These pairs are related through force distribution
matrices

uy =S,0,, u, =809, ©)
In the case of ¥ invertible, appropriate selections for these
distribution matrices to decouple the control influence of the
subsystems are

Sg =¥ MT(TIMT,) ™' =¥~ T, 1T ™

S, =V MT(T/MT,) 'TT =¥ 177 :71T 8)

Employing state feedback at both levels, the form of the feed-
back laws is

ng _ngg"FgQg» Qe= —F.e - F,e ©)]

These relationships can be substituted into Eq. (1) and pre-
multiplied by [T, T,]7 to give

Mgg 0 qg + Kgg Kg’ |:Qg
0 Mrr qr Krg Krr qr

_ _ F, 0 9:| | F: 0 qe (10)
0 TIF.T,||q, 0 T'F,T.|| q,

where the mass and control influence matrices are completely
uncoupled, and the stiffness matrix is uncoupled to the extent
that T, models n, of the modes of the condensed finite di-
mensional system.!6

The effect of the global and residual control on the con-
densed model can also be determined by substituting Egs. (3)
and (6-9) into Eq. (1) and using the identity

T.T, " =1-T,T, * an
to obtain
Mj +Kq = —{T,“"F, T, *
+ - Tng'L)TFe(I— Tng‘L)] q
AT R T  + (U - T, T, TR -T, T, )} g (12)

This representation suggests the control architecture shown in
Fig. 2. Path ‘““0’’ is the process that filters the global motion
from the overall motion to form the residual (observation
filtering). Path ‘‘c’’ is the process that filters the global compo-
nent out of the residual commands (control filtering). Note
that, because of Eq. (11), it is not necessary to explicitly calcu-
late T, or to determine ¢,. Equation (12) demonstrates that the
hierarchic control architecture is equivalent to a full gain ma-
trix with a prespecified internal structure. Converting to a
frequency domain representation, it is clear that one can incor-
porate a dynamic compensator at the lower level by replacing
the constant matrices F, and sF, with F,.(s) and sF,(s) in Eq.
(12).

One technique to minimize the K,, stiffness coupling term
in Eq. (10) is to retain only the n, lower-frequency modes of
the global model, written as qsg,. All of these results then hold
with this selection if the modified interpolation function
T, =T, ¢} is substituted for 7,.

Local Control Design Methodologies

The hierarchic architecture separates the effort between two
controllers that are distinguished by the level of control au-
thority that they exert on the structure. The centralized global
controller is designed for performance on low-frequency
modes of the structure, and the distributed local controllers of
the lower level are designed to complement this performance
for the structure under consideration. In particular, these local
controllers regulate the short wavelength vibrations that are
rendered unobservable to the central controller by the spatial
filtering of the architecture in Fig. 2. In damped structures, the
higher-frequency motions tend to have short correlation length
scales, resulting in strongly banded static feedback gains,
which is consistent with the goal of a localized lower-level
controller for the architecture.

The performance objective for the local control designs is
obtained from the global objective by retaining only those
terms to which the short wavelength motions have a sig-
nificant contribution. Skelton et al.’s?> modal cost analysis
(MCA) provides a convenient measure of the contribution of
structural modes to the performance objective. The particular
example discussed in this paper considers the shape control of

7
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Fig.2 Representation of the hierarchic control architecture showing
the division of control effort between the two levels. Path ‘‘0”’ is the
observation filtering step and path ‘‘c” is the control filtering.
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a mirror-like surface, an appropriate global performance ob-
jective combines line-of-sight (LOS) endpoint displacement
errors, an overall measure of the displacement error at each
node, and the total energy of the structure. Performing MCA
for a combination of these objectives on a Bernoulli-Euler
beam model indicates that only the latter two terms are signif-
icant for higher-frequency vibrations.

A discussion of the implementation of a local control design
must include an analysis of the communication and computa-
tional requirements for the approach. For state feedback con-
trollers, the bandwidth of the gain matrix is an appropriate
measure of both the number of calculations required and the
distance over which the sensor measurements must be commu-
nicated. Reducing the bandwidth of the gain matrix for a
controller decreases both the communication and computa-
tional requirements for that design. However, the question of
the influence of the bandwidth on the achievable performance
still remains.

Three approaches to the design of static local controllers are
analyzed to study this question. These methodologies employ
diagonal, block diagonal, and block tridiagonal feedback gain
matrices, as shown schematically in Fig. 3. Diagonal feedback
corresponds to the case that minimizes the exchange of infor-
mation. The block diagonal and block tridiagonal cases are
more sophisticated in that they allow information to be ex-
changed, but they differ by the range over which the exchange
can occur. The block diagonal form limits feedback to within
an FCE, whereas the block tridiagonal form limits communi-
cation to between neighboring FCEs. A fourth design with a
full gain matrix based on a highly distributed implementation
of the optimal centralized controller is considered in Ref. 19,
However, the results for this last design depend almost exclu-
sively on the communication rate between processors, which is
a direct function of the computer architecture and, thus, too
specific for the present analysis.

The subsequent sections outline the three design approaches
for structures with a high degree of spatial symmetry, a choice
that was motivated by mirror, antennas, and many other smart
skins applications.!”>!° The requirement of high spatial resolu-
tion for optical quality mirrors results in a high density of
sensors and actuators, and so the assumptions regarding intel-
ligent structures hold for these devices. The objective of the
study is to accumulate, for the purposes of comparison, the
communication, computation, and performance results for
several designs with various feedback gain matrix bandwidths.
For simplicity, a symmetric beam is used in the designs. For
other assumptions about the symmetry of the structure, differ-
ent design approaches would have to be developed. As men-
tioned, for simplicity in the comparison, only state feedback
controllers have been considered.
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Fig. 3 Schematic comparison of the matrix bandwidth for static
feedback gains: a) diagonal gain of collocated feedback; b) block
diagonal; c) full block tridiagonal feedback; d) banded block tridiago-
nal case.
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Fig. 4 Representation of local control designs: a) collocated; b) block
diagonal, sensor information is exchanged within isolated regions;
¢) block tridiagonal, information is exchanged between neighboring
controllers.

Collocated Feedback

Collocated feedback is the simplest of the four designs be-
cause the feedback gains are purely diagonal. The generic form
of the control with state and rate feedback is

u(z) = —f4(2)q - f(2)q (13)

using z to indicate the spatial coordinate. A particular form of
Eq. (13) suggested by Silverberg?? is

u=—@B*mq —28mq (14)

where m, is a measure of the local mass of the structure, and
the gains are equal for each position z. Feedback of the form
in Eq. (14) is categorized as a natural control design since the
open-loop mode shapes are unchanged by the implementation
of the control. Equation (14) also results in uniform damping
since each closed-loop pole is moved to the vertical line
Re(s)= — (3 in the complex plane. The parameter 3 is typically
selected to provide a sufficient level of damping to robustly
stabilize higher-frequency modes of the model.?*

A schematic of the local controller is shown in Fig. 4a. There
are several independent feedback loops associated with each
FCE. The feedback within each FCE can be implemented as
several single-input single-output (SISO) analog circuits, or as
a single digital processor with multiple SISO channels. In the
notation of the figures, each box denotes a complete controller
and each processor (P) is associated with a single SISO loop.

Several studies of collocated feedback have demonstrated
its robustness to modeling errors and that it can be used to
supplement the damping of high-frequency, poorly modeled
modes.?%26 .

Circulant Design of Decentralized Controllers

The next level of sophistication in the local control designs
is to allow each control command in an FCE to be calculated
using all of the information measured within that region of the
structure. Two main approaches exist in the literature for solv-
ing this decentralized control problem.?” In the first method,
the structure is decomposed into isolated subsystems, and in-
dependent control designs are performed on each. These de-
composition approaches ignore the connections between the
subsystems, and can, except for the very weakly coupled cases,
result in relatively poor performance, if not instability.?® In
contrast, the second approach employs a design model that
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includes the coupling, but with constraints on the allowable
exchange of information between controllers. The second ap-
proach is used here since it is known that the subsections of a
beam model are strongly coupled.

Two sizes of block diagonal controllers are analyzed. One is
designed for the full FCE. The other is designed for a bay
one-half the size of the FCE and is referred to as the two-bay
block diagonal design. Since this second design explicitly
incorporates communication restrictions within an FCE into
the approach, it provides a further data point and, thus, im-
proves the comparison of the cost and performance tradeoffs.
Figure 4b illustrates the form of the block diagonal decentral-
ized controller.

In these designs, the aim is to develop a controller that can
only feedback the states from within a region of the structure.
Using N FCEs, the static feedback equation is

u; Fql 0 0 q
u _ 0 Fq2 0 q:
un 0 0 F,, qNJ
Fql 0 0 q
0 Fp 0 g,
| S ; as)
0 0 Fool 1awn

where ¢; and &, represent the vectors of the states and control
for each element, and the F,, are appropriately sized block
matrices. The problem is to calculate F,, and F,, in Eq. (15) to
optimize a performance objective based on the global cost just
discussed.

The optimization problem for the constrained architecture
feedback is very similar to the output feedback problem devel-
oped by Levine and Athans? in that the extra constraint on the
form of the feedback matrices couples the necessary condi-
tions. Many papers have addressed the issue of a numerical
solution of coupled matrix equations,?-3? but solving these
equations for a large-scale system is very difficult. The tech-
nique discussed herc uses the symmetry of the structure to
reduce the plant dimension (and consequently the order of the
matrix equations) to a more manageable level. The approach
is based on a discrete spatial Fourier transform (DFT) of the
structural model. Chu3? employed the technique on a system
described by an infinite string of identical subsystems. Brock-
ett and Willems** demonstrated the benefits of the approach
for systems with circulant symmetry. Wall3® extended the anal-
ysis to include the control and estimation of large-scale, spa-
tially symmetric systems using both circulant and toeplitz
models. More recently, the technique has been employed in the
continuous sense by applying a Fourier decomposition directly
to the differential equations of a structural model.3¢ Lunze?’
employs a similar technique for a power system modeled as a
collection of symmetrically coupled subsystems.

The solution procedure employed here consists of several
steps. The first is to model the structure as a circulant system.
A block circulant matrix of order N can be written as3’

Ao An-y An2 - A
A, Ay Ano A,

A= A A, Ag A; (16)

An-1 An-2 An-s A

where 4; € R"1X72_ 50 the blocks of 4 need not be square. The
dynamics of an Nth-order block circulant system with
r states, s control inputs, and ¢ sensors per subsystem are

X =Ax + Bu
a7
y=Cx + Du

where A ERerNr’ B eRerNs, C ERNthr’ and D ERNth:
are block circulant matrices. Note that the number of sub-
systems N is typically much larger than the dimensions of each
subsystem r. The important properties of a circulant system
are that each subsystem has the same internal dynamics 4 and
that the influence of any one subsystem on another is only a
function of their relative separation.

Simple examples of circulant systems are circular plates with
pie-shaped subsystems, or a ring of hexagonal plates. In both
cases, the system is in the form of a circularly symmetric ring
of subsystems that are connected to meet the restrictions just
given. To approximate a beam as a circulant system, it is
necessary to assume that the two ends are connected, a valid
approximation if the beam is long in comparison to the region
of influence of the boundary conditions. It is necessary to
check both the validity of this assumption a posteriori in the
model, and the performance of the resulting control design in
the neighborhood of the beam endpoints. For more general
structures, an embedding procedure described by Brockett and
Willems3* would lead to a more accurate model, but the tech-
nique nearly doubles the system dimension.

At this point, the model consists of N coupled r X r sub-
systems, with the overall dynamics governed by system ma-
trices of the form given in Eq. (16). In the following develop-
ment, each subsystem is associated with an FCE. The purpose
of the next step in the synthesis is to employ a block similarity
transform to obtain a block diagonal representation of the
coupled system in Eq. (17). The transformation can be physi-
cally motivated as a spatially discrete Fourier transform based
on the transformation matrix

1 1 1
1 wy w1

B =L® | . (18)
1 Wit WV -DIN=1)

where the exponent of wy is a measure of the relative spatial
separation of the subsystems, and ® is the Kronecker prod-
uct.?® As discussed in Wall,?® applying the transformation to
the states, controls, and sensors of the model

y=oy (19)

x=®"'x, @a=% u,

yields a new representation of the circulant system of Eq. (17)

X=Ax+ Ba
B (20)
y=Cx

where each of the transformed matrices denoted as (- ) is block
diagonal, and for simplicity in the following, the system matrix
D is taken to be zero. Employing the DFT reduces the circulant
model to N decoupled r X r subsystems in a spatial frequency
domain representation.

The third step in the analysis is to formulate and reduce the
order of the control synthesis problem. It is assumed that the
state and control weighting matrices can be expressed in block
circulant form, as is the case for the displacement, velocity,
and energy weights typically used for low authority control.
The decoupling of the control problem relies on the observa-
tion that the DFT can also be applied directly to Lyapunov and



HOW AND HALL: HIERARCHIC CONTROL ARCHITECTURE 659

Riccati equations to obtain a block diagonal form.** To for-
mulate the necessary conditions, the transformed cost function
is augmented with the constraints and then differentiated with
respect to elements of the matrices P, 0, and the free blocks of
the gain matrix F (set of indices denoted by «). The resulting
equations are

(AI_BIFICI)QI +Q,‘(A,—B,F,C,)H+E, =0 21
I_)I(Al _BfFlCI) + (;11 _BIFICI)HPI + Rxx,
+ CfF/'R,FiC; =0 22

N-1
L (COCIF'R,., — CiQiPB)wy =0, vkea (23)
i=0

where AT=A% R-1=R-!, and (~); is the ith diagonal block
of (7); £ is the covariance of the initial states. The necessary
conditions are coupled in this frequency domain representa-
tion because of the a priori specification of the gain structure.
Referring to the form of a circulant matrix in Eq. (16), if every
block of the gain matrix F is free, o= {0,1,... ,N—1}, and
Egs. (21-23) reduce to the normal set of three coupled matrix
equations for the output feedback problem.? For the special
case of a block diagonal gain matrix, o= {0}, F, = Fyvk, and
the summation in Eq. (23) is simplified since wy™* = 1vi.

The spatial transformation reduces the (Nr)th-order prob-
lem to N, rth-order problems. Since the solution of a Lyapu-
nov equation is at least an r? operation, it is clear that the
transformation considerably reduces the number of computa-
tions required. This is a particularly important point consider-
ing the role of the Lyapunov equation in the numerical solu-
tion procedure.!®*® The overhead in forming the transformed
system representation can be implemented efficiently as a fast
Fourier transform (FFT), which is an r? log, r operation*® and
is performed only once.

The DFT approach can also be applied to determine cir-
culant dynamic compensators. The dynamic equivalent of
Eqgs. (21-23) would then provide a computationally efficient
means of designing a series of identical compensators that
yield superior performance in the presence of sensor and actu-
ator noise or model uncertainty. An interesting extension of
this synthesis technique would be to develop symmetric, robust
decentralized controllers such as those designed for the non-
symmetric case in Ref. 41.

In the block diagonal case, one controller F is designed
to stabilize each of the N subsystem models (A4;,B;,C;,
RXX,.,RW,.). The synthesis procedure is closely related to the
multiple-objective, multiple-model control design procedure
discussed in Ref. 42 for the case where each plant model is
equally likely to occur and the system matrices are complex.
Employing the same control algorithm at each processor is
significantly simpler to implement, but examples with dynamic
compensators have indicated that this extra assumption can
result in a suboptimal overall design.

Gradient and Newton numerical search algorithms were
employed to find the minimizing solution of Eqgs. (21-23). A
quasi-Newton method was also investigated, but examples in-
dicated rather poor convergence properties. The results of sev-
eral optimization examples are available in Ref. 19, but they
are not central to the following discussion.

Distributed Control with Communication

The next level of sophistication in the local control designs
is to share sensor information between processors. In the limit,
as the number of controllers from which information can be
received increases, it is possible to obtain a decentralized im-
plementation of a centralized controller. However, in these
designs, the exchange of information is restricted to occur only
between the processors of adjacent elements, hence the name
block tridiagonal feedback.

Two main approaches are available to exchange the sensor
measurements. One approach is to measure locally and com-
municate the information to neighbors (Fig. 4c). The second is
to directly measure the sensors from its own and neighboring
FCEs.

Each approach has advantages, and a more complete com-
parison would illustrate the tradeoff between having the extra
measurement hardware built into the structure and having to
perform local communication between processors.** The sec-
ond technique is more difficult to implement, as several pro-
cessors need to measure each sensor, but little local coordina-
tion between the controllers is required. The first approach is
more compact, but it has the major disadvantage that it re-
quires the local controllers to be coordinated and, thus, dedi-
cate some portion of their operation cycle to sending and
receiving information from neighboring processors. There are
delay issues involved here as well, as some information is
transferred rather than directly measured.

An important subset of the block tridiagonal gain matrices
is the case of a banded gain matrix, where the bandwidth is
selected to be small enough that only one extra set of off-
diagonal block matrices is required (Fig. 3d). If the bandwidth
is smaller than the FCE size, then, as is shown in the figure,
only a small fraction of the three block matrices in a given row
need be nonzero. This technique reduces the amount of infor-
mation passed from processor to processor, or alternatively,
how far into adjacent elements extra measurements must be
obtained.

The static feedback equation now is

M i 17, 1
u F, F, 0 Y L3
uy qul qu2 qu3 0 Up)
uy | =—1 0 F F 0 q;
uyn L 0 0 0 FN(IN—l FNqN an
Flin quz 0 0 a@
qul 249 24 92
-1 0 F3l.12 F3q3 0 g (24)
L 0 0 0 Frngy_, Fngy gn

where ¢; and u; are defined as before, and Fy,, is the gain
matrix for processor k from the state component ¢;. For the
tridiagonal restriction, i € {k —1,k,k + 1} since only the di-
agonal and closest neighbor gain blocks are nonzero. No re-
striction is made on the actual structure within the gain blocks,
just on the blocks that are nonzero, and so the purely banded
case is also included.

As with the preceding design, there exist several techniques
to solve for the block gain matrices. One approach is to use
the previously derived DFT circulant model method, with
the nonzero gain blocks in Eq. (23) given by the set
a={N-1,0,1}. The resulting summation is more compli-
cated, but the solution procedure is exactly the same as the
block diagonal case. A second, somewhat simpler approach
exists if it is known that the gain matrices are strongly banded.
In this case, it is possible to truncate the gains with a small,
known error to obtain the desired structure given earlier. The
gains obtained for the examples investigated here, which use
energy or displacement weightings for a beam, possess a high
degree of bandedness, and so this second aproach is a viable
alternative. However, since the full feedback gains are compu-
tationally intensive to calculate for large-scale systems, an al-
ternative technique for calculating the gains for structures that
possess a high degree of spatial symmetry is required. The
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technique discussed here is an extension of the DFT approach
already discussed.

The first step in the approach is to select a repeated bay of
the structure that includes a single sensor and actuator pair. As
with the circulant case, a DFT is employed to express the
model in terms of a reduced model whose dimension is gov-
erned by the size of the repeated bay. These reduced-order
models are also parameterized by a complex index variable. As
in the approach to the block diagonal design, the DFT is also
applied to the control problem, and the optimal gains for the
SISO problem are obtained as a function of the index variable.
Inverse transforming the gains expresses them as a function of
the spatial coordinate, and by symmetry, these gains can be
used at each internal actuator location to form the full gain
matrices. The gain matrices can then be truncated to meet
either the banded or full block tridiagonal restrictions. The
final step is to check the assumptions of the bandedness of the
control matrix gains and to calculate the gains for the control
locations strongly influenced by the boundary conditions.

Computational Requirements

The final part of the comparison is a discussion of the com-
putational requirements for the local controllers. The results
are presented for the special case of a static feedback hier-
archic control architecture applied to a one-dimensional struc-
ture. In general, it is not assumed that the nodes of the global
model coincide with structural nodes, but it is assumed that
the internal FCEs are identical, with &, nodes between the
global nodes. The FCEs at either end then have 4, — 1 internal
nodes and one structural node that coincides with a global
node (Fig. 5).

The total computational requirements consist of the over-
head associated with the architecture and the implementation
of the feedback algorithm. For each global iteration, the cen-
tral controller, assuming static feedback of g, and ¢,, must
perform approximately 5» g multiplications and additions (ap-
proximately one-third of a multiplication). The architecture
overhead for each local controller is 12n,_ h, multiplications
and additions. Since the architectural computations are per-
formed at the slower, central controller update rate, the contri-
butions for these two parts are listed separately. Examples of
the requirements for various local control static feedback laws
are given in Table 1.

Discussion of Results

The next step in the comparison is to apply the hierar-
chic control design procedure to an example of a beam in
bending. For simplicity, the analyzed structure is a 30-node
beam (Fig. 5). The evaulation FEM includes both the displace-
ment and rotational degrees of freedom at each node. Consis-
tent with the assumptions of an intelligent structure, displace-
ment sensors (differentiated to get velocity) with a collocated
force actuator are used at each node for this simple example.
Only the displacement degrees of freedom are retained in the
design model (n = 30). The beam is assumed to be uniform and
undamped, with the mass per unit length, the stiffness, and the
distance between the nodes of the FEM all set to unity. Six
evenly spaced global nodes with displacement and rotational
degrees of freedom are used, and so n, =12 and n,=S5. To be
consistent with the parallelism of the element/global hierarchy

qu qu ng qg6

o & &
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Fig.5 30-node condensed beam model with collocated displacement,
velocity sensors, and force actuators. There are six global nodes and
five finite control elements.

of the structural model, the columns of the interpolation ma-
trix T, are developed from the same cubic polynomials used to
form the original beam FEM.

The aim is to design a controller that minimizes a cost based
on physical objectives that are motiviated by the typical per-
formance goals of smart skins and mirror surfaces. Conse-
quently, the state penalty is a summation of three terms, the
LOS endpoint displacement pointing error, the squared dis-
placement at each node, and the energy of the beam. Each
actuator is penalized equally. With x =[g7§¢7]7, the cost can
be written as

®

1
=3 [xTRxxx +uTR,mu] det 25)
Jo

(=%

with the condensed model weighting matrices

xTRux = a1(q1—qn)* + az.‘_:.l af +ai(g"Kqg +4™Mg) (26)

R,y =pl, 27N

where a; =1, a;=4/3, a3=0.025, and p=1 to place a rela-
tively high weighting on the LOS and displacement penalties.
As discussed in the preceding section, the performance objec-
tives for the lower-level controller include only the displace-
ment and energy weightings. The global controller can be ob-
tained from an aggregated linear quadratic regulator (LQR)
problem with consistently reduced state and control weighting
matrices.'®

As described in the synthesis algorithm in Ref. 16, the global
control design ignores the stiffness coupling terms, namely,
K, and K,,, in Eq. (10). To study the effects of these terms on
the overall design, a second controller for a global design
model with only eight (n; = 8) modes retained is also presented.
As an indication of the decoupling that can be achieved, the
closed-loop pole locations for the two central designs using a
collocated local controller are plotted in Figs. 6 and 7. The
open-loop poles refer to those of the condensed beam model
with no control applied. The closed-loop poles are the poles of
the condensed model with both the global and local controllers
applied. The global design model poles represent the closed-
loop poles of the uncoupled global design models. For clarity,
the closed-loop poles of the residual design model are not
shown, as they overlap the higher-frequency closed-loop poles.
The improved agreement in Fig. 7 between the closed-loop
poles and those predicted by the design models, when com-
pared to those in Fig. 6, demonstrates the anticipated better
decoupling between the models. However, it is also clear from
Fig. 7 that retaining fewer global modes could result in a
performance degradation if the lowest-frequency poles of the
new residual model (essentially that part of the FEM not in
the global model) are significantly removed from the optimal
locations (shown by the global design model poles in Fig. 6).
The use of more sophisticated local controllers will compen-
sate for this performance loss.

The full hierarchic control architecture can be studied fur-
ther by analyzing the tradeoffs between the achievable perfor-

Table 1 Comparison of the leading terms in the
operations count for various local control designs

Computations per
finite control element

Controller type (Mor A)
Collocated 2hg
Block diagonal

Full 2h}

Two bay hZ
Block tridiagonal

Full 6h2

Banded width=2m +1 @2m +1)2hg




HOW AND HALL: HIERARCHIC CONTROL ARCHITECTURE 661

4 T T T T T
350 x Open loop poles °
: o Closed loop poles
+ Global design model poles °
3 -
o
2.5+

Imaginary Axis
[ %]

1.5

o+

1r ot + °
e’
05+
-1.2 -1 -0.8 -0.6 -0.4 -0.2
Real Axis

Fig. 6 Closed-loop poles when the hierarchic controller is applied to

the beam design model (n, =12).
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Fig. 7 Closed-loop poles when the hierarchic controller is applied to
the beam design model using the alternative approach to improve
decoupling (ng =12, n;=8)

mance and the required control effort (Fig. 8). The curves for
the graph were obtained by simulating the closed-loop re-
sponse of the beam model to an initial force disturbance at an
arbitrary location. The simulated time traces provided the per-
formance and control values used to determine the points on
the curve. By definition, the optimal LQR controller repre-
sents the lowest achievable line on the graph. The performance
curve for the uniform damping approach, which is the simplest
of the decentralized control designs, is also drawn. The figure
clearly illustrates the difference in performance between these
two control approaches for this realistic cost function. The
results obtained for the hierarchic controller designed using a
global controller as discussed earlier and a local control based
on uniform damping are also given in Fig. 8. The point marked
O on the optimal curve corresponds to the design point (o =1)
for the global controller. This figure graphically shows the
performance improvements that can be obtained by filtering
the decentralized control and including the second level of
control in the hierarchic architecture (Fig. 2).

To compare the other control methodologies, the same
global design is combined with various local controllers,
shown by the dotted lines in Fig. 8. There are now two impor-
tant control parameters. Fixing the global control parameter p

results in a locus of state/control points for various values of
the local control parameter. For each value of the global pa-
rameter, there is an optimal point on the curve that minimizes
the separation from the LQR boundary. Connecting these
points then yields an appropriate cost curve for this combina-
tion of global and local approaches. For simplicity, the curves
for only one global control design have been drawn. Although
not apparent from the figure, the two block tridiagonal and
full block diagonal designs provide comparable performance
and are slightly superior to the two-bay block diagonal ap-
proach. However, it is apparent that for each design approach,
the performance improvements are relatively small.

Figure 9 illustrates the results for the same local control
designs combined with a central controller with only eight of
the global modes retained. As discussed, the global and resid-
ual controllers exhibit much better decoupling, and so the
closed-loop design model poles provide a better indication of
the actual closed-loop poles. However, compared to the results
in Fig. 8, the dotted curves on this graph are more widely
separated, indicating larger differences in performance be-
tween the feedback methods. The larger spread between the
curves for the various local designs confirms that, in this case,
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Fig. 8 Performance comparison of the various control designs
(ng =12). The results for the more sophisticated local control designs
are given by the dotted lines.
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Fig. 9 Performance comparison of the various control designs with
the improved decoupling (ng; =12, n; =8). The results for the more
sophisticated local control designs are given by the dotted lines.
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Table 2 Operations count comparison

30 nodes, 120 nodes,
Controller type Ngn =6 ngn =11

Full state feedback ~5n? 2400 38,400
Global controller ~%n2, 960 3230
Architectural requirements

per local controller 192 384
Collocated 16 32
Block diagonal

Full 96 384

Two bay 48 192
Block tridiagonal

Full 288 1152

Banded width=35 80 160

Note: The second column corresponds to the example discussed,
the third column corresponds to a larger example, local control
values are per processor.

a more sophisticated local control design is necessary to obtain
levels of performance comparable to the LQR approach.

The results in Figs. 8 and 9 are presented for only one set of
« values in Eq. (26). The parameter «, has a significant influ-
ence on the central control design, and a larger value would
widen the gap between the optimal and hierarchic designs in
Fig. 9. The parameter «, influences both the global and local
designs. A larger value would accentuate the suboptimality of
the local control designs, resulting in a wider separation of the
performances denoted by the dotted lines in Fig. 9. A larger
a, value would also increase the difference between the per-
formance of the hierarchic and LQR designs in Figs. 8 and 9.
The parameter o3 dominates the high response of the local
controllers.

Another important aspect of the analysis is a comparison of
the computaional requirements for the different local control
approaches. The results presented here deal only with the num-
ber of computations required for the distributed control archi-
tecture. Other important issues, such as the communication
between processors, are discussed in more detail in Refs. 14
and 43. The computational requirements for each of the local
control designs are given in Table 1. The full set of results for
two beam examples are given in Table 2.

For the local controllers, it is clear that using the full block
tridiagonal feedback approach at the lower level is extremely
expensive. The collocated approach requires the fewest num-
ber of computations in each case. The computational expense
of the banded approach compared to the collocated design is
directly related to the gain width required, but there are several
comunication and implementation issues to be addressed with
this tridiagonal design as well. As expected, Table 1 indicates
that the full block diagonal approach is twice as expensive as
the two-bay design, but Table 2 illustrates that, in both exam-
ples, the smaller block diagonal approach is on a par with the
banded block tridiagonal design.

Several key conclusions can be drawn from the results in
Table 2. First, there is overhead associated with the imple-
mentation of the architecture, and so the size of the system
must be large to benefit from a hierarchic control design.
Second, the processing requirements are highly distributed and
parallel, which make them easier to achieve, but more complex
to design and maintain. Finally, a large percentage of the
calculations at the lower level are associated with the architec-
ture and need only be performed at the much slower, global
update rate.'®

Conclusions

The results presented in this paper indicate that the hier-
archic control architecture can give near optimal performance
with a realistic objective in a computationally efficient man-
ner. The performance objective in this case was physically
motivated by goals typical of a control design for smart skins
and mirror surfaces. Three local control design methodologies

for symmetric structures were compared in terms of both per-
formance vs control effort curves and the implementation re-
quirements. The results with all modes retained in the global
model were inconclusive, since introducing more sophisticated
designs at the local level yielded marginal performance im-
provements over the results obtained with a very simple local
design. However, as global modes were removed to improve
subsystem decoupling, a reduction in performance was seen to
occur for the less sophisticated local control approaches. If the
size of the global model is selected (or reduced for improved
decoupling) to be small enough that residual modes contribute
significantly to the cost function, then to achieve the perfor-
mance requirements, more sophisticated local controllers than
collocated feedback should be utilized at the lower level.

Figures 8 and 9 demonstrate that, with either central design,
the block diagonal and tridiagonal designs provide near opti-
mal LQR performance. Consequently, a further conclusion is
that, through an optimization procedure, it was possible to
design isolated lower controllers that, when coupled to the
global controller, yield a closed-loop performance comparable
to those obtained with designs that require communication
between the processors. This result has significant implications
for simplifying the implementation procedure. The results
demonstrated here also illustrate the utility of employing re-
duction techniques for designing decentralized controllers for
symmetric structures such as mirrors.

The combined results also show that the two-bay block diag-
onal and the banded block tridiagonal designs are comparable
in terms of computational requirements, but differ substan-
tially in performance. In contrast, the full block diagonal and
the banded block tridiagonal designs are comparable in terms
of performance, but differ substantially in the computational
requirements. Compared to the collocated design, all three
approaches can offer much superior performance, but are sig-
nificantly more expensive. It would appear that the optimized
block diagonal methodologies are the most efficient in terms
of performance and implementation requirements. However,
the final decision as to which approach to use depends on the
local processing power (i.e., the local rate at which calculations
for the more sophisticated designs can be performed), the
number of global modes retained in the central design model,
the ease of locally communicating between processors, and the
stringency of the performance objectives at the lower level.

Topics for further development include the analysis of the
stability of the local control designs to asymmetric errors such
as those that will occur during manufacturing and a combina-
tion of these results with the communications analysis in Ref.
43 to determine feasible processor architectures that will yield
good closed-loop performance.
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